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Pretransitional optical activity of short-pitched chiral nematic liquid crystals
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We have developed, using the de Gennes theory of short-range orientational order in the isotropic phase, a
closed-form expression for the temperature dependence of the pretransitional optical activity of chiral nemat-
ics. Detailed calculations are included and the results are expressed in a form that can be easily tested
experimentally. The theoretical predictions are supported by experimental data.
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INTRODUCTION

The macroscopic order parameter associated with ph
transitions of chiral nematics is normally taken to be t
anisotropic part of the dielectric tensorQab(r ). This tensor
being traceless and symmetric can be represented in term
five independent structural modes@1–3#; all of which can
fluctuate about their equilibrium value at a finite temperatu
These modes labeledm562, 61, and 0 represent the plana
spiral, conical spiral, and nonchiral modes, respectiv
@4,5#. The Landau-de Gennes free energy for each of th
modes vanishes at some temperatureTm* . All the Tm* are
lower than the transition temperature,Tc , andT1* ,T2* .

Highly chiral nematics are intriguing because they fo
the blue phase and show complex pretransitional beha
@6,7#. If the isotropic-blue phase transition is approached
cooling, thermodynamic fluctuations of the isotropic pha
become more correlated and this results in a sharp incr
of many properties~e.g., intensity of light scattered and th
electric- or magnetic-induced birefringence!. Another prop-
erty, which behaves similarly, is the pretransitional opti
activity. Although this effect was not anticipated@8#, it has
proven to be a sensitive probe into the nature of such fl
tuations.

The first experimental evidence for this enhanced opt
activity ~c! was presented by Cheng and Meyer@9#. They
calculated and verified the (T2T* )20.5 temperature depen
dence of~c!. Dolganov, Krylova, and Filev@10#, using the
same framework~Landau–de Gennes theory of short-ran
orientational order of the isotropic phase! as Cheng and
Meyer, confirmed this divergent behavior in a mixture
N-~p-methoxybenzylidene!-p8-butylanine ~MBBA ! and 5%
cholesteryl capriate. Bensimon, Domany, and Shtrikman@11#
extended the theory to include the blue phase. In these ea
versions of the theory@9–11#, only the contributions from
the m561 modes were considered.

Filev @12#, in his theoretical approach, proposed a mo
coupling hypothesis whereby them562 modes could be-
come activated, but unfortunately, did not provide all t
details of the calculations. He predicted that close toTc in
highly chiral systems, the optical activity would reach
maximum and then decrease~since them561 and m5
62 modes make opposite contributions to the optical ac
ity!. This pretransitional maximum was first detected
Demikov and Dolganov@13# in the isotropic phase of cho
lesteryl nonanoate.
1063-651X/2001/64~3!/031702~5!/$20.00 64 0317
se

of

.

y
se

or
y
e
se

l

c-

l

f

ier

-

-

Fluctuations of both the planar spiral and the conical s
ral modes contribute directly toc with the conical spiral
dominating and without coupling between these modes
previously suggested@12#. However, contributions from the
m562 modes may become comparable to those of them
561 modes at temperatures close toTc ; also, contributions
from the m562 modes are expected to increase with
creasing chirality. This contribution toc due to them562
modes was estimated to be approximately 10% within
temperature intervalT2Tc>0.2 K in the highly chiral nem-
atic 4-cyano-4-~2-methyl! butylphenyl ~CB 15! @18#. The
mode-coupling hypothesis has been erroneously invoked
number of cases@5,12,14–17# in order to explain trends in
optical activity data.

Demikov and Dolganov@18# claimed that contributions
from them562 modes should vary as (T2T62* )21.5 while
those of them561 modes should vary as (T2T61* )20.5.
Collings @4# has confirmed that the fit using an exponent
21.5 for them562 modes is significantly better than the
obtained if an exponent of20.5 is used. Evidence for con
tributions from them562 modes has been reported in
number of cases@14–17,19#.

Wyse, Ennis, and Collings@20# measured both the tem
perature and wavelength dependence ofc and expressed the
results as a function of even powers of (k/q0). The function
contained the same exponent~20.5! for the temperature de
pendence of the second- and fourth-order coefficients. H
ever, more recent theoretical work by Dmitrienko~partially
included in Ref.@18#! predicts that them561 modes con-
tribute in the second-order term of the wavelength exp
sion, but both them561 and m562 modes contribute
directly in the fourth-order term. The exponents for t
second- and fourth-order terms are20.5 and21.5, respec-
tively.

THEORY

For a cholesteric liquid crystal, the Landau–de Genn
free energy to second order can be written as@21–23#

F25F01
1

2 E drW@aQab
2 1b~]gQab!21c]aQag]bQbg

22deabgQad]gQbd#, ~1!

whereQab is the dielectric tensor representing the local o
der,eabg is the Levi-Civita tensor,a5a0(T2T* ), the coef-
©2001 The American Physical Society02-1
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ficientsb, c, andd are temperature independent andT* is the
second-order phase-transition temperature of the race
mixture. If the order parameter is expressed in terms of
five structural modes Eq.~1! reduces to

F25F01
1

2 (
m

E d3qW H a2mdq

1Fb1
c

6
~42m2!Gq2J usm~qW !u2. ~2!

Here,m labels the mode,qW is the wave vector of light, and
sm(qW ) is the amplitude of the mode. There is a specific va
of q that minimizes the free energy of each mode.

For perturbations about the phase transition, correla
functions

^Qab~rW !Qst~rW8!&5
1

V (
qW

Gab
st ~qW !eiqW •rW ~3!

are obtained by inverting the functional matrix of the qu
dratic form ofF2 . In the momentum representation,

Qab~rW !5V21/2(
qW

QabeiqW •rW, ~4!

andF2 can be written as

F25
1

2 (
qW

ta
g~qW !db

d Qab~qW !Qgd~2qW !, ~5!

where

ta
g~qW !5~a1bq2!da

g1cqaqg22dqJa
g~qW ! ~6!

and

Ja
g~qW !5 ieagnq̂n ; q5uqW u. ~7!

More symmetrically,ta
gdb

d can be replaced by

4Tab
gd 5ta

gdb
d 1tb

gda
d 1ta

d db
g1tb

d da
g2 2

3 ~ tab1tba!dgd

2 2
3 ~ tgd1tdg!dab1 4

9 ~ tn
ndabdgd!, ~8!

whereTab
gd (qW ) is a Hermitian operator acting on the symme

ric traceless tensorsQab . The inversion problem thus re
duces to the solution of

Tab
mn~ q̄!Gmn

gd ~qW !5I ab
gd , ~9!

where the unit matrix,I ab
gd , has the form

I ab
gd 5 1

2 ~da
gdb

d 1da
d db

g !2 1
3 dabdgd. ~10!

The correlation functionG is now constructed from polariza
tion tensors,sab

m (q̂), which diagonalize:

Tab
gd ~qW !sgd

m ~ q̂!5tm~q!sab
m ~ q̂!. ~11!

The labelsm may be chosen to measure the polarizat
along the momentum directionq̂[qW /uqW u, such that
03170
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n

~Jq̂!sab
m ~ q̂!5msab

m ~ q̂!. ~12!

The solution to this equation can be expressed in terms
local orthornormal triplet of vectors oriented alongq̂:q1(q̂),
q2(q̂), q3(q̂)[q̂.

The spherical unit vectors

q1~ q̂![ l ~ q̂![~q11 iq2!/&,

q2~ q̂![ l * ~ q̂![~q12 iq2!/&,

q0~ q̂![q3~ q̂![q̂, ~13!

are natural representations of helicity61, 0, respectively.
Thus,

sab
2 ~ q̂!5qa

1qb
15 l al b[sab

22~ q̂!* ,

sab
1 ~ q̂!5

1

&
~qa

1qb
01qa

0qb
1!5

1

&
~ l aq̂b1 l bq̂a!5sab

21~ q̂!* ,

sab
0 ~ q̂!5qa

0qb
05A3

2 ~ q̂aq̂b2 1
3 dab!. ~14!

The eigenvaluestm(q) are determined by substituting th
expressions~14! into Eq. ~11! to give

t62~q!5a1bq262dq,

t61~q!5a1~b1c!q262dq,

t0~q!5a1~b1 4
3 c!q2. ~15!

The correlation functionG(q) can now be calculated as fo
lows:
Since the partition functionZ is given by

Z5(
qW

e2~F2!/~kBT!, ~16!

then,

Z5(
sm

expH 2
1

kBT (
q̄,m

tm~q!sab
m ~qW !sgd

m* ~2qW !J ,

~17!

and

^Qab~qW !Qgd~2qW !&5dqW ,2qW(
m

kBT
sab

m ~ q̂!sgd
m* ~2q̂!

tm~q!
.

~18!

The correlation function is finally written as

Gab
gd ~qW !5kBT(

m

sab
m ~ q̂!sgd

m* ~2q̂!

tm~q!
. ~19!

The rotation of the plane of polarization can be describ
by the antisymmetric part of the dielectric tensor,«ab ,
which has the form
2-2
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D«ab5 iceabgkWg , ~20!

wherekW is the wave vector;k5A«0v/c, andc is the optical
activity. In the pretransitional isotropic region, the structu
activity c can be obtained after the convolution of Eq.~20!

with eabnkW n :

D«abeabnkW n5 iCeabgkWg ^ eabnkW n52iC. ~21!

Thus,

c5
2 iD«abeabnkW n

2
. ~22!

Now,

D«ab5
k0

2

4p«0
E dqW

~2p!3 Dbg~qW 1kW !

3@Gab
gd ~qW !2Gab

gd ~2qW !#, ~23!

where

Dbg~qW !5
4p

q22k22 ih S dbg2
qbqg

k2 D , h→0 ~24!

and ukW u5k0 .

So,

c52
ik0

2

2«0
eadnkW nE dqW

~2p!3 Dbg~qW 1kW !

3@Gab
gd ~qW !2Gab

gd ~2qW !#. ~25!

Using the symmetry properties ofGab
gd (qW ), the summation

reduces to

Gab
gd ~qW !2Gab

gd ~2qW !5kBTS Vm(
m

sab
m ~ q̂!sgd

m ~2q̂!2c.c.D ,

~26!

where

Vm5
2mbq0q

$a1@b1 c
6 ~42m2!#q2%22~mbq0q!2

. ~27!

Consequently, them50 mode makes no contribution to th
optical activity. Taking into account expressions such as

eadnkW nl al b* 52 ikW~ q̂!, ~28!

which arises in the calculations, we can perform the sum
tion over all indices. Next, take the coordinate axis forq so
that thez axis is along the vectorkW , u is the polar angle, and
w the azimuthal angle. The calculation thus proceeds as
lows:
03170
l

a-

l-

c52
i

2«0
eadnkW nkBT

3E dqW dxdw

~2p!3

k2dbg2~qW b1kWb!~qW g1kWg!

k2@q212kqx2 ih#

3 (
m51

m52

Vm@sab
m ~ q̂!sgd

m ~2q̂!2sab
m * ~ q̂!sgd

m * ~2q̂!#.

~29!

Expanding the integral we arrive atc5c11c2 , where

c6152
k0

2kBT

4«0
E

0

1E
2`

` V1x~11x2!kq2dq dx

~2p!2@q212kqx2 ih#
, h→0,

~30!

and

c625
k0

2kBT

4«0
E

0

1E
2`

` V2~11x21q x
k !q3dq dx

~2p!2@q212kqx2 ih#
, h→0,

~31!

wherex5cosu.
Using the calculus of residues, we get for theq integral,

I 15
p

B1D1
F q3

q312kx
2

q2

q212kxG , ~32!

where

q25~2B11 iD 1!/2, q35~B11 iD 1!/2,

D15A4A12B1
2, B15bq0 /~b1c/2!, ~33!

and

I 252
p

B2D2
F S q3

2

q312kx
2

q2
2

q212kxD
1S q3

3

q312kx
2

q2
3

q212kxD G , ~34!

where

A25a/b, B252q0 , D25A4A22B2
2. ~35!

Performing the integration overx, we get

cm5615
k0

3kBT

4«0

@ f 1~a1!2 f 1~2a1* !#

@4p~b1c/2!2#
, ~36!

and

cm56252
k0

3kBT

4«0

@ f 2~a2!2 f 2~2a2* !#

8pb
, ~37!

where
2-3



n

ti-
on

ri-

a
Eq.

i-
a-

fit
a

ata.

CARLOS HUNTE AND UPINDRANATH SINGH PHYSICAL REVIEW E64 031702
f 1~a1!52 1
2 a1

21a1
21a1

2~11a1
2!lnS 11

1

a1
D ,

f 2~a2!52 4
3 a21 1

2 a2
22a2

31a2
2~11a2

2!lnS 11
1

a2
D ,

~38!

and

a15
q1j11 i

2kj1
, a25

q0j21 i

2kj2
, q15

q0b

2b1c
. ~39!

Sincekj1,2!1 andua1,2u@1, the ln function is expanded in
powers of, 1/a1,2, andc calculated to the lowest powers i
kj1,2:

cm5615
kBTk0

2q0j1b

32p«0~b1c/2!2 F2

3
1

8k0
2j1

2

15~11q1
2j1

2!
1•••G ,

~40!

cm56252
kBTk0

2q0j2

32p«0b F 32k0
2j2

2

15~11q0
2j2

2!
1•••G . ~41!

Realizing thatj1 can be written as

j15
2

D1
5

1

a0
1/2~b1c/2!21/2~T2T1* !1/2, ~42!

where

T61* 5T* 6
b2q0

2

4a0~b1c/2!
, ~43!

then the optical activity due to them561 modes is given by

cm5615
kBTbk0

2a0

48p«0~a0b!1/2F11
c

2bG23/2F 1

~T2T61* !1/2

1
f ~q1t1!

~T2T61* !3/2G , ~44!

where

f ~q1 ,t1!5
4k0

2

5a0b~b1c/2!2~11q1
2j1

2!
~45!

and

t15T2T61* . ~46!

Similarly, the contribution of them562 modes is given by

cm6252
kBTk0

2q0

15p«0b

f ~q0 ,t2!

~T2T62* !3/2, ~47!

where

f ~q0 ,t2!5S k0
2

~a0 /b!3/2~11q0
2j2

2!
D , ~48!
03170
and

T625T* 6
q0

2b

a0
, ~49!

with

t25T2T62* . ~50!

Hence, if plane-polarized light travels through an op
cally active medium it emerges with its plane of polarizati
rotated through some anglec,

c5c01cm5611cm562 . ~51!

c0, the molecular optical activity that is independent of o
entational order, is given by

c05
16p3Nbt

l2c
, ~52!

whereb is the optical rotatory parameter,N the number den-
sity, l the wavelength of light, andc the velocity of light.

In addition, the optical activity due to them562 mode is
opposite in sense to that due to them561 mode. Thus, for
highly chiral systems, the optical activity should reach
maximum just before the transition to the ordered phase.
~51! may be expressed as follows:

c~T!5
A

~T2T1* !0.51
B

~T2T1* !1.51
C

~T2T2* !1.51c0 .

~53!

RESULTS AND DISCUSSION

We tested the validity of the theory by fitting pretrans
tional optical activity data of CE6. We used a rotating an
lyzer technique~described elsewhere@19#! to measure the
optical activity. The pretransitional optical activity and the
to Eq. ~53! is shown in Fig. 1. The optical activity reaches

FIG. 1. Theoretical fit~solid line! to the optical activity of the
isotropic phase of CE6. The circles represent the experimental d
The wavelength of light used is 633 nm.
2-4
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maximum just aboveTc and then decreases.
The data when fitted to Eq.~53! yield the following pa-

rameters:

A54.760.3~°C0.5 cm21! B526.363.9~°C1.5 cm21!

c0521.360.2~degree cm21!

C5219.363.9~°C1.5 cm21!

T2* 544.4360.4~°C! T1* 544.3161.0~°C!

The least squares fit is quite good except in the immed
vicinity of the pretransitional maximum where there is a 5
difference between theoretical and experimental predictio
Since the magnitudes ofB andC are similar but of opposite
sign, contributions from the second and third terms of E
~53! essentially cancel each other at temperatures m
higher than the isotropic-BPIII transition temperature. Ho
ever, owing to the large number of fitting parameters
volved, the error estimates of some of the parameters ca
quite high.
r.

03170
te

s.
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CONCLUSION

We have developed a closed form expression for the t
perature dependence of the pretransitional optical activity
chiral nematics. The planar spiral and the conical spiral m
direct but opposite contributions to the optical activity. E
perimental data are quite consistent with theoretical pre
tions.

This paper includes the derivation for them561 fourth-
order contribution to the optical activity. As far as we a
aware, details of this calculation have not yet been publish
Also, our calculations contain much more details than th
of Ref. @18#. Hunte, Singh, and Gibbs@19# have measured
the pretransitional optical of CB15 and successfully fitted
data using the three exponents predicted by Dmitrienko
our calculations.
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